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Gravitational collapse of a massless scalar field with the periodic boundary con-
dition in a cubic box is reported. This system can be regarded as a lattice universe
model. We construct the initial data for a Gaussian like profile of the scalar field
taking the integrability condition associated with the periodic boundary condition
into account. For a large initial amplitude, a black hole is formed after a certain
period of time. While the scalar field spreads out in the whole region for a small
initial amplitude. It is shown that the expansion law in a late time approaches to
that of the radiation dominated universe and the matter dominated universe for the
small and large initial amplitude cases, respectively. For the large initial amplitude
case, the horizon is initially a past outer trapping horizon, whose area decreases with
time, and after a certain period of time, it turns to a future outer trapping horizon
with the increasing area.
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2I. INTRODUCTION
When we consider gravitational collapse, the most common boundary condition is the
asymptotically flat boundary condition. Obviously, the asymptotically flat boundary condi-
tion is relevant for stellar collapse. Nonetheless, when we consider collapse of a cosmological
object, we may not neglect the effect of the expansion of the universe. For instance, for
simulation of a primordial black hole [1, 2], the black hole horizon scale is typically compa-
rable to the Hubble horizon scale. Here, we report a numerical experiment of gravitational
collapse in an expanding background.
In this paper, we consider a massless scalar field in a cubic box with the periodic bound-
ary condition for each pair of opposite boundary surfaces. This system can be regarded as a
lattice universe model in which the same cubic region is spatially repeated. A representative
example of the lattice universe models is the black hole lattice universe, which is intensively
studied in recent years [3–18](see a recent review [19] and references therein).1 In practice,
we simulate the only octant region of the cubic box imposing reflecting boundary condi-
tion on each boundary surface. That is, we focus on symmetric configurations where the
reflecting boundary condition on each boundary surface of the octant region is realized as
a consequence of the dynamics with the periodic boundary condition for a cubic box.2 The
initial scalar field configuration is set to be a spherically symmetric Gaussian like profile.
Then, we report how the dynamics of the system changes depending on the initial amplitude
of the scalar field profile focusing on black hole formation and expansion law of the lattice
universe.
In Sec. II, settings and initial data construction are shown. In Sec. III, we show results on
a sequence of initial data sets. The time evolution for large amplitude and small amplitude
cases are reported in Sec. IV. We use the geometrized units in which both the speed of
light and Newton’s gravitational constant are one. Greek indices run from 0 to 3 and Latin
indices run from 1 to 3.
II. SETTINGS AND INITIAL DATA CONSTRUCTION
A. EoM for a scalar field
We consider the massless scalar field φ, whose equations of motion are given by
∇µ∇µφ = 0. (1)
Introducing the momentum
Π := −nµ∇µφ, (2)
1 One notable example of a lattice universe model with matter fields is analyzed in Ref. [18], where a
persistent black hole lattice universe model in bouncing cosmology is discussed. A scalar field is introduced
to realize the bouncing cosmology with violation of the null energy condition due to the scalar field. In
our case, we consider a massless scalar field, and there is no energy condition violation.
2 We note that our boundary condition is essentially different from the settings of a scalar field enclosed in
spherical cavity discussed in, e.g., Refs. [20, 21].
3we can rewrite the field equations in the form of the 3+1 decomposition as follows:
(
∂t − βi∂i
)
φ = −αΠ, (3)(
∂t − βi∂i
)
Π = −α△φ− γij∂iα∂jφ+ αKΠ, (4)
where nµ, α, βi, γij, K and △ are the unit normal vector to a time slice, lapse function,
shift vector, inverse spatial metric, the trace of the extrinsic curvature Kij and the Laplacian
with respect to the spatial metric γµν , respectively.
B. Stress energy
The stress energy tensor
Tµν = ∇µφ∇νφ− gµν
(
1
2
∇ρφ∇ρφ
)
(5)
can be also expressed in the form of the 3+1 decomposition as follows:
ρ := nµnνT
µν =
1
2
Π2 +
1
2
e−4ψγ˜ij∂iφ∂jφ, (6)
ji := −γiµnνT µν = Π∂iφ, (7)
Sij := γiµγjνT
µν = ∂iφ∂jφ− 1
2
γ˜ijγ˜
kl∂kφ∂lφ+
1
2
e4ψ γ˜ijΠ
2, (8)
where γij = e
4ψγ˜ij .
C. Constraint equations
Constraint equations are given by the followings:
R+K2 −KijKij= 16piρ, (9)
DjK
ji −DiK = 8piji. (10)
Under the conventional decomposition given by
dl2 = γijdx
idxj = Ψ4γ˜ijdx
idxj = e4ψγ˜ijdx
idxj (11)
and
Kij = e
4ψA˜ij +
1
3
Kγij, (12)
the constraint equations are rewritten as
0 = D˜iD˜
iΨ− 1
8
R˜Ψ+
(
2piρ+
1
8
A˜ijA˜
ij − 1
12
K2
)
Ψ5, (13)
0 = D˜jA˜
ij + 6A˜ijD˜j lnΨ− 2
3
D˜iK − 8piΨ4ji, (14)
4where D˜i and R˜ are the covariant derivative and Ricci scalar with respect to the metric γ˜.
We require that the initial data should satisfy the following conditions:
Π = 0, (15)
K = const., (16)
γ˜ij = fij , (17)
A˜ij = 0, (18)
where fij is a flat metric. Then, the momentum constraints are trivially satisfied with ji = 0.
The Hamiltonian constraint reduces to
△ˆψ + δij∂iψ∂jψ − 1
12
K2e4ψ = −2piρe4ψ = −pif ij∂iφ∂jφ, (19)
where △ˆ is the flat Laplacian with respect to fij .
D. Scale-up coordinate
The system is located inside the cubic region specified by −L ≤ Xa ≤ L (a = 1, 2, 3),
with the isotropic Cartesian coordinates Xa, for which the flat metric components are given
by the unit matrix δab. Hereafter, for convenience, we use the indices a, b, · · · to specify
each component of an object not applying the summation rule to them. Assuming reflection
symmetry on each surface of Xa = 0, we perform numerical simulations in 1/8 domain of
cubic region given by 0 ≤ Xa ≤ L(see Fig.1).
Box for numerical  calculation
FIG. 1. Domain of numerical simulation.
In order to see the horizon formation, it is better to have finer grid spacing in the central
region of gravitational collapse. For this purpose, we introduce the “scale-up” grids based
5on a coordinate system xa defined as follows:
Xa = F (xa) for each a (20)
with
F (x) := x− η
1 + η
L
pi
sin
(pi
L
x
)
, (21)
where η is a parameter which specifies the degree of the scale-up. The function F (x) has
the following properties:
• F (xa) is compatible with the reflection boundary condition on each face.
• xa = 0 for Xa = 0, and xa = L for Xa = L.
• dXa
dxa
∣∣
xa=L
/
dXa
dxa
∣∣
xa=0
= 1 + 2η
Using the coordinates xa, non-vanishing flat metric components are given by
faa =
(
dF (xa)
dxa
)2
. (22)
E. Initial data
We set the profile of the initial scalar field as follows:
φ0 = A exp
[
− R
2
2σ2
]
W (R;RW, L), (23)
where R =
√
X2 + Y 2 + Z2 and W (R;RW, L) is give by
W (R;RW, L) =


1 for 0 ≤ R ≤ RW
1− ((RW−L)
6−(L−R)6)
6
(RW−L)
36 for RW ≤ R ≤ L
0 for L ≤ R
. (24)
We have introduced the function W to make the Gaussian tail gradually disappear toward
the boundary.
In order to solve Eq. (19), we need to impose the following integrability condition:
0 =
∫
box
√
fd3x
(
△ψ − 1
12
K2e4ψ + (∂ψ)2 + pi(∂φ)2
)
⇔ K2 = 12
∫
box
√
fd3x ((∂ψ)2 + pi(∂φ)2)∫
box
√
fd3xe4ψ
, (25)
where f is the determinant of fij and the integral of the Laplacian part vanishes because of
the periodic boundary condition. We numerically solve the elliptic differential equation (19)
by using iterative method imposing the integrability condition at each step of the iteration.
The length scale of the coordinates is fixed by imposing ψ(L, L, L) = 0.
6III. RESULTS OF INITIAL DATA
We set RW = 0.6L, σ = 0.3L and η = 5 for the results in this section. First, we show a
typical initial data profile on the x-y plane for A = 0.5 in Fig. 2. The A dependence of the
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FIG. 2. Initial profiles of φ and ψ for A = 0.5. The left two figures are plotted with the scale-up
coordinates x and y, while the isotropic coordinates X and Y are used in the right two figures.
profile of the initial ψ on the x-axis is shown in Fig. 3. The small bump around x = 0.8M
for A = 7 and 15 is caused by the effect of the function W introduced in Eq. (23). As is
shown in Sec. II E, the value of K is determined so that the integrability condition can be
satisfied for each value of A. Letting S denote the area of the surface of the cubic region
with the edge length 2L, we can define the scale factor a by
√
S/(24L2). The ratio between
the effective Hubble length 1/H := −3/K and the proper width aσ of the scalar field profile
is depicted as a function of A in Fig. 4. As is shown in Fig. 4, the scale of the inhomogeneity
is comparable or larger than the Hubble scale for A & 1.
IV. TIME EVOLUTION
For the simulation of the time evolution, we use the 4th order Runge-Kutta method with
the so-called BSSN formalism [22, 23]. We use the same gauge condition as in Ref. [11], and
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FIG. 3. The value of ψ at the initial time on x-axis is depicted as a function of x for each value of
the amplitude A.
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FIG. 4. The ratio between the effective Hubble length 1/H = −3/K and the proper width aσ of
the scalar field profile as a function of A.
take 80 - 120 number of grids for each side. The grid spacing is uni-grid with the Cartesian
coordinates for A = 0.1 and the scale-up coordinates introduced in Sec. II for A = 3, 5 and
10. Excision of a black hole interior region[24] is performed when a black hole is formed.
A. A = 0.1: scalar field diffusion
For A = 0.1, as is shown in Fig. 5, the scalar field spreads into the whole box region and
continue to oscillate. The oscillation amplitude decays with time due to the expansion of
the whole system. The convergence of the Hamiltonian constraint violation at the center is
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FIG. 5. Snapshots of the configuration of the scalar field φ on z = 0 surface.
shown in Fig. 6. In order to see the expansion law of the system, let us consider the time
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FIG. 6. The value of the Hamiltonian constraint violation at the center(left) and the max norm of
the Hamiltonian constraint violation(right) are depicted as functions of the coordinate time t for
each resolution. A numerical factor proportional to the 5th power of the grid interval is multiplied
to the value of the Hamiltonian constraint violation.
evolution of the scale factor defined by the surface area of the box region. In order to avoid a
highly distorted time slices for the calculation of the surface area, similarly to Refs. [11, 16],
we calculate the surface area S on the constant proper time slice for the set of observers
9fixed at grid points. Thus, the area S is given as a function of the proper time τ . The scale
factor is defined as a(τ) :=
√
S(τ)/(24L2) as in Sec. III. We note that the scale factor can
be also defined by using the volume of the whole box, but we adopt the definition given by
the surface area so that it can be directly compared with the case with black hole formation
where the volume inside the black hole becomes highly non-trivial. We also emphasize that
the expansion law defined by the scale factor is different from the local expansion law given
at each point since the scale factor is defined by the integrated area of the boundary surface.
The value of the scale factor a is depicted as a function of the proper time τ in Fig. 7. As
 1
 10
 0.1  1  10  100
a
τ/L
numerical
MD: ∝τ2/3
RD: ∝τ1/2
FIG. 7. The scale factor a as a function of the proper time τ for A = 0.1 with η = 0.
is shown in Fig. 7, the time evolution of the scale factor asymptotically approaches to that
of the radiation dominated universe, that is a ∝ τ 1/2. This is the expected result because
the oscillating massless scalar field behaves like a radiation fluid component on average in a
homogeneous and isotropic universe(see also Ref. [25] for the case of gravitational waves).
We note that for comparison, in the case of the homogeneous distribution of the massless
scalar field, we obtain a ∝ τ 1/3.
B. A = 3, 5 and 10: black hole formation
For the A = 10 case, a black hole is formed at around the coordinate time t = 2L. We
show the profiles of φ and ψ on the z = 0 surface at the coordinate time t = 0, 1L and
3L in Figs. 8 and 9. At t = 3L, a horizon exists, and the horizon figure is superposed in
the figures at t = 3L. The z axis for the horizon figure is identified with the φ and ψ axes
with some appropriate scaling in Figs. 8 and 9, respectively. The central region is excised
for t = 3L. It should be mentioned that the behavior of ψ and φ near the center is not
regular even before the horizon formation. Actually, we find that constraints are violated
near the center. We have checked that this behavior is qualitatively not sensitive to the
resolution. One may understand the reason of this cusp at the center from Fig. 10. In
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FIG. 8. The profiles of φ on the z = 0 surface at the coordinate time t = 0, 1L and 3L for A = 10.
The z axis for the horizon figure is identified with the φ axis with some appropriate scaling. The
central region is excised for t = 3L.
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Fig. 10, the values of the Kretschmann invariant RµνρλRµνρλ(left) and the lapse function
α(right) on the x–axis are depicted as functions of x at the coordinate time t = 2L. It is
found that the value of the Kretschmann invariant increases at the center and the value
of the lapse function α decreases, so that the time evolution at the center gradually slows
down. Our resolution near the center is not enough to accurately resolve this behavior and
the constraints are significantly violated near the center. Nevertheless, since it is well inside
the radius of the horizon which will be formed, this region seems not to be causally connected
with the spacetime domain outside the horizon in the future. That is, we may expect that
the singular behavior does not affect the evolution of the system outside the horizon after
its formation. In fact, constraint violation is well suppressed outside the horizon, and we
ignore this singular behavior in the center(see Fig. 11).
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FIG. 11. Violations of the Hamiltonian constraint and the momentum constraint are depicted as
functions of the coordinate time for A = 10. The number of grids is set as 120. The constraint
violations are evaluated by the maximum values of the normalized constraint violations calculated
at all grid points except points inside the horizon when it exists.
Since the black hole is formed, one would expect that the expansion law of the lattice
universe should approach to that of the matter dominated universe. Actually, as is shown
in Fig. 12, the scale factor asymptotically approaches to the behavior ∝ τ 2/3 in contrast
to Fig. 7 for A = 0.1. This result shows that the final fate of the gravitational collapse
significantly affects the late time behavior of the lattice universe.
Finally, let us check the time evolution of the trapping horizon in this model. A trapping
horizon is a spacelike hyper-surface on which the outgoing null expansion vanishes. It
comes to be observed when it intersects with a time slice of our numerical evolution. The
intersection is given by two disconnected spheres on a time slice. In Fig. 13, the time
evolution of the area for each disconnected piece is shown. The dashed line shows the area
of the inner sphere and the solid line shows the area of the outer sphere.
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FIG. 12. The scale factor a as a function of the proper time τ for A = 10.
The horizon formation time and the area depends on the initial amplitude of the scalar
field as is shown in Fig. 13. Since the initial scale of the inhomogeneity compared with the
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FIG. 13. Time evolution of the area of the horizon is shown for each value of the initial scalar field
amplitude A. The dashed line shows the area of the inner intersection sphere between the time
slice and the trapping horizon, and the solid line shows the area of the outer intersection sphere.
horizon scale 1/H is larger for a larger value of A as is shown in Fig. 4, the Hubble horizon
entry time of the scalar field bump is delayed for a larger value of A. As a result, the horizon
formation time is also delayed and the horizon area at the formation time is larger for a
larger value of A as is explicitly shown in Fig. 13.
Hereafter, we focus on only the outer intersection sphere and refer to it as just horizon or
trapping horizon. As is shown in Fig. 14, the coordinate radius of the horizon monotonically
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shrinks with time. On the other hand, the proper area of the horizon is not monotonic as is
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FIG. 14. Time evolution of the horizon shape for the A = 10 case .
shown in Fig. 15. The horizon area is decreasing with time in the beginning. This behavior is
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FIG. 15. Time evolution of the horizon area. The extrapolation is performed by assuming the
quartic convergence.
not common in asymptotically flat cases. However, as is reported in Ref. [26] for a spherically
symmetric system, such decreasing area of a horizon can be realized by transition from a
past outer trapping horizon(POTH) to a future outer trapping horizon(FOTH) defined in
Ref. [27]. Let us define the orthonormal tetrad bases nµ, sµ, eµ(1) and e
µ
(2) on a marginally
trapped surface, where nµ is the unit normal vector to a time slice introduced in Sec. II,
and sµ is normal to the marginally trapped surface, so that eµ(1) and e
µ
(2) are tangent to
the marginally trapped surface. Then, the expansions θ± associated with two null vectors
14
kµ± := (n
µ ± sµ)/√2 can be expressed as
θ± := ±Disi +Kijsisj −K. (26)
The marginally trapped surface on FOTH(POTH) satisfies the following condition:
θ+ = 0 and θ− < 0 for FOTH, (27)
θ+ = 0 and θ− > 0 for POTH. (28)
We note that the value of θ− is not constant on a marginally trapped surface for a given time
slice, and is not necessarily positive or negative definite. Therefore, we call it FOTH(POTH)
when θ− < 0(> 0) everywhere on the marginally trapped surface. From the theorem in
Ref. [27], the area of FOTH(POTH) should increase(decrease) with the parameter associated
with a horizon generator lµ whose orientation is fixed by kµ+lµ > 0. For the portion of the
trapping horizon which we are focusing on, the parameter associated with lµ is an increasing
function of time. Therefore, the area of FOTH(POTH) should increase(decrease) with time.
We plot the maximum value θmax− and the minimum value θ
min
− of θ− on the marginally
trapped surface as functions of time in Fig. 16. As is shown in Fig. 16, the value of θ−
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FIG. 16. The value of θmax− and θ
min
− on the marginally trapped surface as functions of the coordinate
time.
changes its sign around t ∼ 11L, which is similar to the time when the area of the marginally
trapped surface takes the minimum value in Fig. 15. Therefore we conclude that the time
evolution of the horizon area is compatible with the area theorem given in Ref. [27] within
the accuracy of our numerical simulation.3
3 If we look at the relation between the sign of θ− and the time evolution of the horizon area more precisely,
we find that the horizon area is still decreasing at the moment θmax− = 0. However, since the difference
between the area at the moment θmax− = 0 and the minimum value of the area is 0.01%, we would be able
to conclude that the time evolution of the horizon area is compatible with the area theorem within the
accuracy of our numerical simulation.
15
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FIG. 17. A schematic figure for the spacetime structure. The blue and red lines denote FOTH and
POTH, respectively. The solid and the dashed lines denote the horizons with θ+ = 0 and θ− = 0,
respectively. We could not confirm the horizon structure in the shaded part for our model because
of the limitation of the resolution.
The spacetime structure can be schematically described by jointing a part of a closed
homogeneous universe model and a part of the Schwarzschild spacetime as is shown in
Fig. 17. Then, one may expect that, around the transition from POTH to FOTH, the
trapping horizon passes through another trapping horizon associated with the surface on
which θ− = 0 is satisfied. Actually, we observe this behavior finding the evolution of the
trapping horizon with θ− = 0.
4 In Fig. 18, we show the snapshots of the trapping horizons
with θ+ = 0 and θ− = 0 at t = 10L and t = 10.8L. The figure clearly shows the surface
θ− = 0 passes through the surface θ+ = 0 and shrinks inside it. The shell region bounded by
the two trapping horizons corresponds to either a black hole(θ+ = 0 on the outer boundary)
or a white hole region(θ+ = 0 on the inner boundary). We could not confirm the horizon
structure in the shaded region in Fig. 17 for our model because of the limitation of the
resolution.
V. SUMMARY AND DISCUSSION
We have investigated gravitational collapse of a massless scalar field with the periodic
boundary condition in a cubic box. This system can be regarded as a lattice universe model
and the expansion law of the lattice universe has been also checked. We have shown that
there are two typical behaviors depending on the initial amplitude of the scalar field bump.
For a relatively small amplitude, the scalar field diffuses into whole box region and continues
to oscillate. The amplitude of the oscillation decays with time and the expansion law of the
4 In Ref. [27], differently from our definition, the subscript + is always assigned to the direction for which
the expansion vanishes.
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FIG. 18. Snapshots of the trapping horizons with θ+ = 0 and θ− = 0 are shown at t = 10L and
t = 10.8L. The surface with θ− = 0 is initially outside the surface θ+ = 0, and shrinks inside the
surface with θ+ = 0 at t = 10.8L. The region bounded by the outer green surface(θ− = 0) and the
inner purple surface(θ+ = 0) is past-trapped at t = 10L. While, the region bounded by the outer
red surface(θ+ = 0) and the inner blue surface(θ− = 0) is future-trapped at t = 10.8L.
lattice universe approaches to that of the radiation dominated universe. In contrast to the
small amplitude case, for a large enough amplitude, a black hole is formed as a result of the
gravitational collapse of the scalar field bump. The expansion law of the lattice universe
approaches to that of the matter dominated universe. This result clearly shows that the
late time expansion of the lattice universe can be significantly affected by the fate of the
gravitational collapse. We found that, in the initial stage, the horizon is classified into the
past outer trapping horizon [27] and the area of the horizon decreases with time. After
a period of time, the transition from the past outer trapping horizon to the future outer
trapping horizon can be observed and the horizon area starts to increase.
In this paper, we could not reveal the details around the critical amplitude which divides
the phase of the gravitational collapse and the asymptotic behavior of the lattice universe.
The difficulty arises from the resolution problem. Since the coordinate radius of the black
hole horizon shrinks with time, it is harder to resolve the horizon for a long time for a smaller
initial amplitude. The scale-up coordinate introduced in Sec. II helps to resolve it to some
extent. However, since the scale-up coordinate makes the resolution near the boundary
worse, the parameter for the scale-up coordinate also has a limitation. Furthermore, it
is well known that, in order to see the critical behavior[28] of the gravitational collapse,
extremely high resolution is needed even for asymptotically flat cases. Nevertheless, the
two examples shown in this paper are enough to understand the general picture of the
gravitational collapse with a periodic boundary condition. Some features in this system
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would be common in gravitational collapse in a cosmological background as in the case of
primordial black hole formation[1, 2].
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